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ABOUT SOME QUADRATIC SCALAR CURVATURES AND THE h4
YAMABE EQUATION
MOHAMMED LARBI LABBI
Abstract. This is a paper based on a talk given at the conference on Conformal
Geometry which held at Roscoff in France in the 2008 summer. We study some aspects
of the equation arising from the problem of the existence on a given closed Riemannian
manifold of dimension n ≥ 4, of a conformal metric with constant h4 curvature. We
establish a simple formula relating the second Gauss-Bonnet curvature h4 to the σ2
curvature and we study some positivity properties of these two quadratic curvatures.
We use different quadratic curvatures to characterize space forms, Einstein metrics
and conformally flat metrics. In the appendix we introduce natural generalizations of
Newton transformations, the corresponding Newton identities are used to obtain Avez
type formulas for all the Gauss-Bonnet curvatures.
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1. Introduction
Throughout this paper (M, g) denotes, unless otherwise stated, a boundary free smooth
Riemannian manifold of dimension n ≥ 4 and R (resp. Ric, Scal) denote its covariant
Riemann curvature tensor (resp. Ricci tensor, scalar curvature).
Recall that, for 0 ≤ 2k ≤ n, the (2k)-th Gauss-Bonnet curvature of (M, g), denoted
h2k , is a generalization to higher dimensions of the (2k)-dimensional Gauss-Bonnet in-
tegrand, it coincides with the half of the usual scalar curvature for k = 1 and with the
Gauss-Bonnet integrand of (M, g) if 2k = n, see section 3 below for a precise definition
and the survey article [13] about different aspects of these curvatures.
A natural generalization of Einstein-Hilbert action is the Riemannian functional
H2k(g) =
∫
M
h2kµg. The gradient of H2k is the Einstein-Lovelock tensor T2k =
h2kg −
1
(2k−1)!
c2k−1Rk , see [12].
This functional was first considered in the case k = 2 by Lanczos in 1932 as a possible
substitute for the Einstein-Hilbert functional. He proved that in four dimensions its first
variation is zero, see [16, 2]. Marcel Berger [1] in 1970 found the first variation of H4
in dimensions higher than 4. David Lovelock [17] proved in 1971, using classical tensor
analysis and a result from ”invariant theory of variational problems ” of Hanno Rund a
variational formula for all the higher h2k .
As a consequence, the metrics with constant Gauss-Bonnet curvature are the critical
metrics of the normalized total Gauss-Bonnet functional once restricted to a conformal
class. These lead us naturally to ask the following question [12]:
Given a compact Riemannian manifold (M, g) of dimension n ≥ 2k , does there exist a
metric g′ conformal to g for which the (2k)-th Gauss-Bonnet curvature h2k of g
′ is
constant?
Remark that for k = 1, the h2 Yamabe problem coincides with the celebrated Yamabe
problem for the scalar curvature. It turns out that in the case where the original
metric is conformally flat then the h2k Yamabe problem coincides with the σk Yamabe
problem of Viacklovsky. For n = 2k , the hn Yamabe problem is of same type as the
classical Yamabe problem in dimension 2. For higher dimensions when n > 2k , the h2k
Yamabe problem is variational and is the analogous of the classical Yamabe problem in
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dimensions ≥ 3.
One can find in the literature other interesting recent generalizations of the Yamabe
problem. For instance, the σk problem initiated by Viacklovsky, see the survey article
of [19], the v(k) Yamabe problem suggested by Chang and Yang [3], the Qk Yamabe
type problem [18], and the conformal quotient problems [6].
In contrast with the h2k Yamabe problem, the equations of the σk Yamabe problem
are not variational for 4 < 2k < n. Furthermore, the equations of the h2k Yamabe
problem have the advantage to not include any derivatives of the Riemann curvature
tensor comparatively to the v(k) problem. On the other hand the h2k curvatures have
the disadvantage to not depend only on the Ricci tensor but also on the full Riemann
tensor (in a nonlinear way) which make their manipulation harder.
We bring to the attention of the reader that recently De Lima and Santos [5] tested
positively the h2k Yamabe problem for Riemannian metrics that are close to a metric
with non zero constant sectional curvature.
The paper is organized as follows. In the next section number 2 we recall the definitions
of the different curvatures used in this paper using the exterior product of double forms.
We prove that the σk curvature is the non-Weyl part of the h2k curvature and in
particular these two curvatures coincide (up to a constant) in the conformally flat case.
At the end of this section we prove that the h2k Yamabe problem is always variational
if the dimension of the manifold n is higher than 2k .
In the third section, we specialize to the case of quadratic scalar curvatures. First, we
prove a characterization of space forms, Einstein metrics and conformally flat metrics
by the mean of different quadratic scalar curvatures. Next we establish a simple formula
relating the quadratic curvatures h4 and σ2 . Motivated by the fact that Einstein metrics
have always their h4 and σ2 curvatures nonnegative, we study some positivity properties
of these two curvatures. In particular, we show that the n-dimensional torus T n , in
contarst with positive scalar curvature, admits metrics with constant and positive h4
curvature for n ≥ 6. Furthermore, we provide an example of a metric with nonnegative
sectional curvature, positive Ricci curvature, positive Einstein curvature and positive h4
but its σ2 curvature is negative.
In the last section, we write down the fully non linear PDE for the h4 Yamabe problem.
Precisely, we prove that the Euler-Lagrange equation of the h4 -Yamabe problem is
h4 + Lg(f) = λe
4f .
where λ is a constant and Lg(f) is a general Laplacian of mixed type involving the ℓ2
Laplacian and the σ2 Hessian as follows
Lg(f) =2(n− 2)(n− 3)σ2(Hess f) + 2(n− 3)ℓ2(f)− (n− 2)(n− 3)
2∆f |df |2
+ 2(n− 2)(n− 3)Hess f(∇f,∇f) + 2(n− 3)T2(∇f,∇f)
− (n− 2)(n− 3)h2|df |
2 +
(n− 1)(n− 2)(n− 3)(n− 4)
4
|df |4.
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We are still unable to decide whether in general this highly non-linear and non-elliptic
PDE has or not solutions. Nevertheless, we study in this section some aspects of this
PDE and in particular we prove that it is elliptic at the solutions if the original metric
has positive or negative definite Einstein tensor.
The paper is ended by an appendix where we generalize the concept of Newton trans-
formation of ordinary symmetric bilinear forms to higher symmetric double forms. This
section is independent from the rest of the paper, even though some of the results of
this appendix are needed in few proofs in the sequel of the paper. We prove in this
context a corresponding generalized Newton identity and a trace formula. Furthermore,
we establish explicit useful formulas for these transformations once these are restricted
to symmetric double forms satisfying the first Bianchi identity. Using these results we
obtain new Avez-type formulas for all the Gauss-Bonnet curvatures.
2. Gauss-Bonnet Curvatures, σk Curvatures and the h2k Yamabe
Problem
2.1. Preliminaries. Let h be a smooth field of symmetric bilinear forms over M , for
0 ≤ k ≤ n, denote by hk the k -th power of h with respect to the exterior product of
double forms (Kulkarni-Nomizu product). The result is a symmetric (k, k)-double form
given by
hk(x1, ..., xk; y1, ..., yk) = k! det[h(xi, yj)].
In particular, for h = g , g
k
k!
is the canonical inner product of k -vector fields.
In order to fix notation matter, let us recall here three basic operations on double forms:
• The operation cr = c ◦ c ◦ ... ◦ c of contracting r -times a given double form.
• The operation of multiplication of a double form by an exterior power gr = g...g
of the metric.
• The generalized Hodge star operator ∗ acting on double forms.
These operations are related by simple formulas, for instance, The operation cr is the
adjoint of the operation of multiplication by gr with respect to the natural inner product
of double forms, and gr = ∗cr∗, cr = ∗gr∗ , see [9] for more properties and a detailed
study of these operations.
The elementary symmetric functions σk in the eigenvalues of the operator corresponding
to h via the the metric g and the Newton transformations tk can be written nicely using
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the previous operations as follows [11].
σk =
1
(k!)2
ckhk =
1
(n− k)!k!
∗ (gn−khk),
tk(h) = ∗
{
gn−k−1
(n− k − 1)!
hk
k!
}
= σkg −
ck−1hk
(k − 1)!k!
.
Note that the σk was denoted by sk in [11]. These notions can be defined in a more
general setting of symmetric double forms as shown in the next two sections.
2.2. Gauss-Bonnet curvatures. Let k be a positive integer such that 0 ≤ 2k ≤ n,
where n = dimM . Recall that the (2k)-th Gauss-Bonnet curvature of (M, g), denoted
h2k , is the function on M given by
(1) h2k =
1
(n− 2k)!
∗
(
gn−2kRk
)
=
c2kRk
(2k)!
.
Note that h0 = 1 and h2 is the half of the usual scalar curvature. In case the dimension
n is even then hn is the Gauss-Bonnet integrand of (M, g).
The second Gauss-Bonnet curvature is obtained for k = 2 and coincides with the four-
dimensional Gauss-Bonnet integrand. It can be alternatively defined by
(2) h4 = |R|
2 − |cR|2 +
1
4
|c2R|2.
2.3. Einstein-Lovelock tensors. For 0 ≤ 2k ≤ n, the Einstein-Lovelock tensor T2k is
the gradient of the total 2k -th Gauss-bonnet curvature functional H2k(g) =
∫
M
h2k(g)µg
once defined on the space of all Riemannian metrics over the compact manifold M , see
[12]. Remark that T0 = g as h0 = 1, T1 is the usual Einstein tensor and Tn = 0 by
Gauss-Bonnet theorem.
It turns out that for 0 < 2k < n, we have [12]
T2k = h2kg −
c2k−1Rk
(2k − 1)!
= ∗
1
(n− 2k − 1)!
gn−2k−1Rk.
2.4. The σk curvatures. Recall the following standard decomposition of the Riemann
curvature tensor R :
R =W + gA.
The Schouten tensor A of (M, g) appears as the quotient of an Euclidean division of R
by the metric g , the Weyl tensor W is the rest of such division.
The σk -curvature is defined to be the k -th elementary symmetric function in the eigen-
values of the operator corresponding to A via the metric g , precisely they are given
by
σk = σk(A) =
1
(k!)2
ckAk =
1
(n− k)!k!
∗ (gn−kAk).
6 MOHAMMED LARBI LABBI
In particular, σ0 = 1, σ1 = cA =
1
2(n−1)
Scal . The following theorem clarifies the link
between Gauss-Bonnet curvatures and the σk curvatures:
Theorem 2.1. For a conformally flat manifold of dimension n ≥ 4, and for 0 ≤ 2k ≤ n
we have
(3) h2k =
(n− k)!k!
(n− 2k)!
σk.
Furthermore, for an arbitrary n-manifold, σk appears as the non-Weyl part of h2k as
follows
(4) h2k =
(n− k)!k!
(n− 2k)!
σk +
k−1∑
i=0
k!
i!(k − i)!(n− 2k)!
〈∗gn−2k+iAi,W k−i〉.
Proof. In the conformally flat case we have R = gA and therefore
h2k = ∗
gn−2kgkAk
(n− 2k)!
= ∗
gn−kAk
(n− 2k)!
=
(n− k)!k!
(n− 2k)!
σk.
In the general case we have R = W + gA and then
Rk =
k∑
i=0
(
k
i
)
W k−igiAi
It follows that
h2k = ∗
gn−2kRk
(n− 2k)!
=
k∑
i=0
(
k
i
)
∗
gn−2k+iAiW k−i
(n− 2k)!
=
k∑
i=0
(
k
i
)
1
(n− 2k)!
∗ 〈gn−2k+iAi,W k−i〉.
This completes the proof. 
2.5. The h2k Yamabe problem. The following theorem is a variant of a similar theo-
rem [12] and shows in particular that the h2k Yamabe problem is variational in dimen-
sions higher than 2k :
Theorem 2.2 ([12]). Let (M, g1) be a compact Riemannian manifold of dimension n
and k a positive integer such that n > 2k . Then the metric g1 has constant 2k -th
Gauss-Bonnet curvature if and only if g1 is a critical point of the functional
F2k(g) = Vol
2k−n
n
g
∫
M
h2k(g)µg.
once restricted to the space of all Riemannian metrics on M pointwise conformal to g1 ,
and V olg (resp. µg ) denotes the volume (resp. volume element) of (M, g).
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Proof. The metric g1 is critical as in the theorem if and only if at g1 we have
F ′2k.fg1 = 0
for any smooth function f defined on M . Let H2k(g) denotes the integral over M
of h2k for the metric g (that is the total second Gauss-Bonnet curvature). The above
condition is equivalent to
(2k − n)H2k(g1)〈g1, fg1〉+ nVolg〈T2k, fg1〉 = 0,
or
f (n(2k − n)H2k(g1) + n(n− 2k)Vol(g1)h2k(g1)) = 0
For arbitrary functions f . That is
H2k = Vol(g1)h2k.
Which is evidently equivalent to the constancy of h2k for the metric g1 . 
3. Quadratic scalar curvatures
Besides the usual scalar curvature (which is linear in the Riemann curvature tensor), we
have more subtle quadratic curvature invariants:
α|R|2 + β|Ric|2 + γ|Scal|2.
Where α, β, γ are constants.We recover the σ2 curvature for α = 0, β =
−1
(2(n−2)2
, γ =
n
8(n−1)(n−2)2
. The second Gauss-Bonnet curvature h4 is obtained for α = 1, β = 1, γ =
−1
4
.
Some geometric informations can be read nicely at the level of quadratic curvatures as
shown by the following theorem:
Theorem 3.1. (1) A Riemannian manifold of dimension n ≥ 3 is Einstein if and
only if
|Ric|2 −
1
n
Scal2 = 0.
(2) A Riemannian manifold of dimension n ≥ 4 is conformally flat if and only if
|R|2 −
1
n− 2
|Ric|2 +
1
2(n− 1)(n− 2)
Scal2 = 0.
(3) A Riemannian manifold of dimension n ≥ 3 is a space form if and only if
|R|2 −
1
2n(n− 1)
Scal2 = 0.
Proof. To prove the first statement note that the Einstein condition is equivalent to
〈Ric−
Scal
n
g, Ric−
Scal
n
g〉 = 0.
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On the other hand, using the fact that the contraction map c is the adjoint of the
exterior multiplication by g [9], we have
〈Ric−
Scal
n
g, Ric−
Scal
n
g〉 = |Ric|2 − 2〈Ric,
Scal
n
g〉+
Scal2
n2
〈g, g〉 = |Ric|2 −
1
n
Scal2.
Next, we prove the second assertion. Recall that a Riemannian manifold of dimension
n ≥ 4 is conformally flat if and only if its Weyl tensor vanishes identically, that is
equivalent to
〈R−
1
n− 2
gRic+
1
2(n− 1)(n− 2)
Scal2g2, R−
1
n− 2
gRic+
1
2(n− 1)(n− 2)
Scal2g2〉 = 0.
The left hand side of the equation is equal to
|R|2−
2
n− 2
|Ric|2 +
2
2(n− 1)(n− 2)
Scal2 +
1
(n− 2)2
〈gcR, gcR〉
−
2
2(n− 1)(n− 2)2
〈gcR, Scalg2〉+
1
4(n− 1)2(n− 2)2
Scal2〈g2, g2〉
= |R|2 −
2
n− 2
|Ric|2 +
1
(n− 1)(n− 2)
Scal2 +
1
(n− 2)2
Scal2 +
1
n− 2
|Ric|2
−
1
(n− 1)(n− 2)2
(
nScal2 + (n− 2)Scal2
)
+
1
4(n− 1)2(n− 2)2
2n(n− 1)Scal2
= [|R|2 −
1
n− 2
|Ric|2 +
1
2(n− 1)(n− 2)
Scal2.
Where we used the fact that the contraction map c is the adjoint of the exterior multi-
plication by g and the identity cgcR = gc2R + (n− 2)cR , see [9].
To prove the last statement recall that a Riemannian manifold of dimension n ≥ 3 is a
space form if and only if R = Scal
2n(n−1)
g2 . The last condition is equivalent to
〈R−
Scal
2n(n− 1)
g2, R−
Scal
2n(n− 1)
g2〉 = 0.
Then one can complete the proof without difficulties as in the above two cases. 
Next, we shall interpret the Einstein condition by the mean of non trivial inequalities.
It is not difficult to show that the σ2 curvature is given by
2(n− 2)2σ2 =
n
4(n− 1)
|c2R|2 − |cR|2.
Then a straightforward computation shows the following
Proposition 3.2. For an Einstein manifold M of dimension n ≥ 3 we have
σ2 =
1
8n(n− 1)
Scal2.
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In particular the σ2 curvature of an Einstein manifold is always ≥ 0 and it is identically
zero if and only if the manifold is Ricci-flat.
Itturns out that the σ2 curvature is closely related to the second Gauss-Bonnet curvature.
In fact, the next proposition shows that σ2 is the non-Weyl part of h4 :
Proposition 3.3. For an arbitrary Riemannian manifold of dimension n ≥ 4 we have
h4 = |W |
2 + 2(n− 2)(n− 3)σ2.
In particular, positive (resp. nonnegative) σ2 -curvature implies h4 > 0 (resp. h4 ≥ 0).
Proof. Recall that R =W + gA, using theorem A.3 and corollary A.2 we get
h4 = 〈N2(R), R〉 = 〈N2(W ) +N2(gA),W + gA〉 = 〈W +N2(gA),W + gA〉.
It is not difficult to see that N2(gA) is orthogonal to W and therefore
h4 = |W |
2 + 〈N2(gA), gA〉.
On the other hand by definition of N2 we have
〈N2(gA), gA〉 = 〈
gn−3A
(n− 4)!
, gA〉 = ∗
gn−2A2
(n− 4)!
= 2(n− 2)(n− 3)σ2.
This completes the proof. 
Remark. It results from the previous two propositions that Einstein metrics have their
σ2 and h4 curvatures nonnegative. It would be therefore of great interest to prove that
some compact manifolds with dim ≥ 5 do not admit metrics with σ2 > 0 or h4 > 0.
These facts alltogether give some insight to the study of the questions of prescription of
quadratic scalar curvatures.
3.1. Positivity properties of h4 and σ2 . The positivity properties of the second
Gauss-bonnet curvature h4 were discussed in [10]. For instance it is proved that
Theorem 3.4 ([10]). If (M, g) has dimension n ≥ 4 and non-negative or non-positive
(resp. negative or positive) p-curvature with p ≥ n
2
then h4 is nonnegative (resp. posi-
tive). Furthermore, h4 ≡ 0 if and only if the manifold is flat.
Consequently, one gets the following
Corollary 3.5. A Riemannian manifold of dim ≥ 4 and with non-negative or non-
positive (resp. negative or positive) sectional curvature has h4 ≥ 0 (resp. h4 > 0) and
h4 ≡ 0 if and only if the metric is flat. The same conclusion is true in dimensions ≥ 8
under non-negative or non-positive (resp. negative or positive) isotropic curvature.
The converse of the previous results does not hold in general. That is, positive h4 does
not imply a constant sign on the p-curvatures. On the other hand, positive σ2 curvature
implies a constant sign on the scalar curvature and it always implies the positivity of
h4 . The following property can be proved by imitating the proof of theorem B in [10]
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Theorem 3.6. Let the total space M of a Riemannian submersion be compact and of
dimension n. Suppose the fibers have dimension p and that their σˆ2 curvature (with
respect to the induced metric) satisfies 8(n− 1)(p− 1)(p− 2)2σˆ2 > (n− p) ˆScal
2
(resp.
8(n − 1)(p − 1)(p− 2)2σˆ2 < (n − p) ˆScal
2
) then the manifold M admits a Riemannian
metric with positive (resp. negative) σ2 curvature.
Where σˆ2 and ˆScal denote the σ2 and scalar curvatures of the fibers respectively.
As a consequence a Riemannian product of a compact non Ricci-flat Einsein manifold
of dimension p ≥ 4 with an arbitrary compact manifold always admits a Riemannian
metric with positive σ2 curvature. Furthermore, a Riemannian product of a compact
non Ricci-flat Einsein manifold of dimension 3 with an arbitrary compact manifold of
dimension ≥ 2 admits a metric with σ2 < 0.
In particular, in contrast with h4 , the non-negativity of the sectional curvature does not
imply σ2 ≥ 0, as realized by the product of a three dimensional small sphere S
3(r) with
a round sphere Sp , p ≥ 2. Note that the later example has has nonnegative sectional
curvature, positive Ricci curvature, positive Einstein tensor and positive h4 but σ2 < 0!.
We bring the attention of the reader to [4, 8, 7] where one can find interesting
results about the positivity of the σk curvatures. In particular, it is proved that in
dimension 4, the positivity of σ2 together with positive scalar curvature imply the
positivity of the Ricci curvature and the positivity of the Einstein tensor.
3.1.1. Riemannian products. Let (Mi, gi) be two Riemannian manifolds for i = 1, 2,
denote by (M, g) be their Riemannian product. It is easy to prove using formula 2 that
h4 = (h4)1 +
1
2
Scal1Scal2 + (h4)2.
Where we indexed by i the invariants (M, gi) and h4 is the second Gauss-Bonnet cur-
vature of (M, g). Let us mention that we proved in [10] a similar formula for all the
higher h2k .
For example, if g2 is a flat metric then h4 of the product equals the h4 of g1 . A more in-
teresting case it is when dimMi ≤ 3 for i = 1, 2. In this case h4 of (M, g) is determined
only by the scalar curvatures of g1 and g2 as follows:
h4 =
1
2
Scal1Scal2.
Consequently the product of any two three-dimensional manifolds always admits a Rie-
mannian metric with h4 > 0 and constant.
Since Scal < 0 is much weaker than Scal > 0 in dimensions ≥ 3, the previous formula
shows that in dimension 6 positive h4 is weaker than h4 < 0. For instance the six-
dimensional torus (seen as a product of two three-dimensional torus) admits a metric
with h4 positive. It is evident that it admits also a metric with h4 = 0, however the
author does not know whether it is possible to have also metrics with h4 < 0 on the
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same torus. Recall that the four-dimensional torus does not admit neither a Riemannian
metric with h4 > 0 nor a metric with h4 < 0 by the Gauss-Bonnet formula.
More generally, any torus T n with n ≥ 6 admits a metric with h4 > 0, in fact it suffices
to consider the Riemannian product of the above six-dimensional torus with the flat
torus of dimension n− 6.
4. The h4 -Yamabe Equation
In order to write down the corresponding PDE’s of the h4 Yamabe problem we need
first to define some operators.
4.1. Differential operators of Laplace type. Let f be a smooth real valued function
on M . The Hessian of f, denoted Hess f , is a symmetric (1, 1) double form. Recall that
the usual Laplacian of f is the negative of the trace of Hess f , that is
∆f = −cHess (f) = −〈g,Hess (f)〉.
Instead of just taking the trace of the Hessian, one can consider the other elementary
symmetric functions σk(Hess f) in the eigenvalues (via g ) of Hess (f). The operator
defined by σk(Hess f) is known as the k -th Hessian operator. It is given by
σk(Hess f) =
1
(k!)2
ckHess k(f) = 〈
1
k!
Hess k(f),
1
k!
gk〉.
In our study of generalized minimal submanifolds [11], another like-Laplace differential
operator appeared naturally, namely the ℓ2k operator. It is defined by
ℓ2k(f) = −〈T2k,Hess (f)〉.
Where T2k denotes the (2k)-th Einstein-Lovelock tensor of (M, g) and 0 ≤ 2k < n.
We recover the usual Laplacian operator for k = 0 as T0 = g .
For each 0 ≤ k < n, the operator ℓ2k is a divergence and therefore
∫
M
ℓ2k(f)dv ≡ 0
if M is compact without boundary. Furthermore, in this case, it is self adjoint with
respect to the integral scalar product.
On the other hand, if the Einstein-Lovelock tensor T2k is definite (positive or negative),
then the operator ℓ2k is elliptic and definite.
In this paper, we shall only use the operators corresponding to k = 1. We shall some-
times denote ℓ2 just by ℓ or ℓg when we want to emphasize the background metric g .
In contrast with ℓ2k , the operator σk(Hess f) is not a divergence. In fact, integrating
the Bochner-Lichnerowicz formula
−1
2
∆(|df |2) = |Hess f |2 − |∆f |2 +Ric(∇f,∇f),
one immediately gets the following
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Proposition 4.1. If M is compact and µg denotes the volume element of (M, g), then
(5)
∫
M
2σ2(Hess f)µg =
∫
M
Ric(∇f,∇f).
4.2. Conformal change of the metric: The h4 -Yamabe equation. Let g¯ = e
2fg
be a metric pointwise conformal to g . In what follows all the barred quantities are those
built from the new metric g¯ . Direct computations show that
Lemma 4.2. (1) For any positive integer r we have g¯r = e2rfgr and c¯r = e−2rfc.
In particular,
g¯rc¯r = grcr, c¯rg¯r = crgr
are conformally invariant.
(2) ∗¯ = e2(n−2p)f∗ when acting on (p, p) double forms. In particular, for n = 2p we
have ∗¯ = ∗ is conformally invariant.
(3) 〈ω1, ω2〉g¯ = e
−4pf〈ω1, ω2〉g , where ω1, ω2 are any two (p, p) double forms.
(4) W¯ = e2fW and |W¯ |2g¯ = e
−4f |W |2g, where W is the Weyl (2, 2) double form.
(5) The volume element transforms following the formula µg¯ = e
nfµg.
(6) R¯ = e2f (R− gH), where H = Hess (f)− df ◦ df + 1
2
|df |2 g.
(7) R¯2 = e4f (R2 − 2gRH + g2H2).
(8) The second Gauss-Bonnet curvature transforms as follows
e4f h¯4 = h4 − 2(n− 3)〈T2, H〉+
(n− 2)(n− 3)
2
c2H2
= h4 − 2(n− 3)〈T2, H〉+ 2(n− 2)(n− 3)σ2(H).
(6)
Next, we shall write the last formula in terms of the function f . Straightforward com-
putations show that
c2H2 = 2
{
(cH)2 − |H|2
}
=
= 4σ2(Hess f) +
(n− 1)(n− 4)
2
|df |4 − 2(n− 3)∆f |df |2 + 4Hess f(∇f,∇f).
and
〈T2, H〉 = −ℓ2(f)− T2(df, df) +
(n− 2)h2|df |
2
2
.
Consequently we have the following:
Theorem 4.3. Let (M, g) be a Riemannian manifold of dimension n ≥ 4. Then the
second Gauss-Bonnet curvatures h4 of g and h¯4 of the conformal metric g¯ = e
2fg are
related by the equation
(7) e4f h¯4 = h4 + Lg(f).
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Where Lg is a second order fully nonlinear differential operator defined by
Lg(f) =2(n− 2)(n− 3)σ2(Hess f) + 2(n− 3)ℓ2(f)− (n− 2)(n− 3)
2∆f |df |2
+ 2(n− 2)(n− 3)Hess f(∇f,∇f) + 2(n− 3)T2(∇f,∇f)
− (n− 2)(n− 3)h2|df |
2 +
(n− 1)(n− 2)(n− 3)(n− 4)
4
|df |4.
(8)
Note the analogy with the scalar curvature case. It is clear that L vanishes at constant
functions and that its linearization at the zero function is the operator 2(n − 3)ℓ2 .
Furthermore we have:
Proposition 4.4. The operator L satisfies for any two smooth functions f and φ the
following
Lg(f + φ)−Lg(f) = e
4fLe2fg(φ).
Proof. It is clear that
Lg(φ) = e
4φh4(e
2φg)− h4(g)
Le2f g = e
4φh4(e
2φe2fg)− h4(e
2fg)
= e4φh4(e
2(f+φ)g)− h4(e
2fg)
= e4φ {Lg(f + φ) + h4(g)} e
−4(f+φ) − {Lg(f) + h4(g)} e
−4f .

Corollary 4.5. The linearization at f of the nonlinear differential operator L is the
operator 2(n − 3)e4fℓe2f g . In particular, if the conformal metric e
2fg has positive
definite (or negative definite) Einstein tensor then L is elliptic at f .
Corollary 4.6. If the original metric g has positive definite (or negative definite) Ein-
stein tensor then Lg is elliptic at the solutions of the equation
(9) h4 + Lg(f) = λe
4f .
where λ is a constant.
Note that equation 9 above is the Euler-Lagrange equation of the h4 -Yamabe problem.
4.3. The h4 -Yamabe equation in dimension 4. In the case of dimension 4, the
previous discussion shows that
(10) e4f h¯4 = h4 + Lg(f).
Where Lg is a second order fully nonlinear differential operator defined by
Lg = 4σ2(Hess f) + 2ℓ2(f)− 2∆f |df |
2 + 4Hess f(∇f,∇f) + 2T2(∇f,∇f)− 2h2|df |
2.
(11)
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Recall that the integral over M of σ2(Hess f) is the integral of Ric(∇f,∇f) then∫
M
{
4σ2(Hess f) + 2ℓ2(f) + 2T2(∇f,∇f)− 2h2|df |
2
}
µg = 0.
Therefore using the integral identity 2Hess f(∇f,∇f) ≡ |df |2∆f we get∫
M
Lg(f)µg = 0.
Furthermore, integrating both sides of 9 we get∫
M
h¯4µg¯ =
∫
M
h4µg.
This shows that the integral of h4 is a conformal invariant in dimension 4, of course we
know that it is even a topological invariant by the Gauss-Bonnet theorem.
4.4. The h4 -Yamabe equation in dimensions higher than 4. For dimensions
strictly higher than 4, it is more convenient to write the conformal metric in the form
g¯ = v
8
n−4 g.
In this case one gets the corresponding transformation rule for h4 as follows:
v
16
n−4 h¯4 = h4 − 2(n− 3)〈T2, H〉+
(n− 2)(n− 3)
2
c2H2.
with
H =
4
(n− 4)v
Hess v −
4n
(n− 4)2v2
dv ◦ dv +
8|dv|2
(n− 4)2v2
g.
Next, direct but long calculations show that
c2H2 =
16
(n− 4)2v2
c2Hess 2v +
64(n− 2)|∇v|2
(n− 4)3v3
cHess v +
64n
(n− 4)3v3
Hess v(∇v,∇v),
and
〈T2, H〉 =
4
(n− 4)v
〈T2,Hess v〉 −
4n
(n− 4)2v2
T2(∇v,∇v) +
8(n− 2)|∇v|2
(n− 4)2v2
h2.
Consequently, we get the conformal transformation of h4 under g¯ = v
8
n−4 g as follows
Proposition 4.7. Let n > 4 and g¯ = v
8
n−4 g . The second Gauss-Bonnet curvature h¯4
of g¯ is given in terms of the one of g as follows
(12) v
16
n−4 h¯4 = h4 +
8(n− 3)
(n− 4)v
Lg(v).
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Where Lg is a second order nonlinear differential operator given by
Lg(v) =− 〈T2,Hess v〉+
n
(n− 4)v
T2(∇v,∇v)−
2(n− 2)|∇v|2
(n− 4)v
h2
+
n− 2
(n− 4)v
c2Hess 2v +
4(n− 2)2|∇v|2
(n− 4)2v2
cHess v +
4n(n− 2)
(n− 4)2v2
Hess v(∇v,∇v).
The conformal transformation rule of h4 above is equivalent to
v
n+12
n−4 h¯4 = h4v +
8(n− 3)
(n− 4)
Lg(v),
or
(13) Lg(v) +
n− 4
8(n− 3)
h4v =
n− 4
8(n− 3)
h¯4v
n+12
n−4 .
Let us denote the differential operator defined by the left hand side of the previous
equation by Kg . It is the analogous of the usual conformal Laplacian operator. Equation
(13) reads then
Kg(v) =
n− 4
8(n− 3)
h¯4v
n+12
n−4 .
A solution of the h4 -Yamabe problem in dimension > 4 is nothing but a solution of the
following nonlinear PDE:
(14) Kg(v) =
n− 4
8(n− 3)
λv
n+12
n−4 .
where λ is a constant.
Proposition 4.8. The operator K is conformally covariant of bi-degree
(
n−4
4
, n+12
4
)
.
That is to say
Ka2g(φ) = a
−
n+12
4 Kg
(
a
n−4
4 φ
)
,
for any smooth positive real valued function a on M .
Proof. From equation (13) we have
Ka2g(φ) =
n− 4
8(n− 3)
h4
(
φ
8
n−4a2g
)
φ
n+12
n−4 =
n− 4
8(n− 3)
h4
([
a
n−4
4 φ
] 8
n−4
g
)
φ
n+12
n−4 .
This completes the proof. 
Proposition 4.9. For n > 4 and g , g¯ as above we have∫
M
h¯4µg¯ =
∫
M
v4h4µg+
16(n− 3)
n− 4
∫
M
v2T2(∇v,∇v)µg
+
16(n− 2)(n− 3)
(n− 4)3
∫
M
{
(n− 4)|dv|2∆(v2)− 4|dv|4
}
µg.
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Proof. Note that µg¯ = v
4n
n−4µg , so multiplying both sides of equation (13) by v
3 and
integrating we get∫
v3Lg(v)µg +
n− 4
8(n− 3)
∫
M
v4h4µg =
n− 4
8(n− 3)
∫
M
h¯4µg¯.
Next, we shall evaluate
∫
v3Lg(v)µg . A direct but long calculation shows that
4v3Lg(v) = ℓ2(v
4) +
16(n− 3)v2
n− 4
T2(∇v,∇v)−
8(n− 2)v2
n− 4
h2g(∇v,∇v)
+ 4
n− 2
n− 4
σ2(Hess v
2)−
32(n− 2)v
(n− 4)2
|dv|2∆v +
32(n− 2)2v
(n− 4)2
Hess v(∇v,∇v).
= I + II − III + IV − V + V I.
It is clear that the integral of I is zero. Using equation 5 we get∫
M
IV µg =
∫
M
4
n− 2
n− 4
σ2(Hess v
2)µg =
∫
M
8(n− 2)
n− 4
v2Ric(∇v,∇v)µg.
Therefore, ∫
(IV − III)µg =
∫
(−8(n− 2)v2
n− 4
T2(∇v,∇v)µg.
Consequently, we have∫
(II − III + IV )µg = 8
∫
M
v2T2(∇v,∇v)µg.
On the other hand, using the following integral identity
2vHess v(∇v,∇v) ≡ v|dv|2∆v − |dv|4,
we get ∫
(V I − V )µg =
32(n− 2)
(n− 4)2
∫
M
{
(n− 2)vHess v(∇v,∇v)− v|dv|2∆v
}
µg
=
32(n− 2)
(n− 4)2
∫
M
{
(n− 4)vHess v(∇v,∇v)− |dv|4
}
µg
=
16(n− 2)
(n− 4)2
∫
M
{
(n− 4)v|dv|2∆v − (n− 2)|dv|4
}
µg.
Finally, recall that ∆(v2) = 2v∆v−2|dv|2 . The proof of the proposition is now complete.

Remark. Let A(v) =
∫
M
{(n− 4)v|dv|2∆(v2)− 4|dv|4}µg be the functional that ap-
pears in the previous proposition. It is evident that the sign of the total Gauss-Bonnet
curvature g¯ depends on the sign of A and the one of the Einstein tensor T2 of the
original metric g . Note that for a distance function (|dv| = 1), the functional A(v) is
negative if v is not constant, the same is true for the coordinate functions on the round
sphere. The author does not know whether the sign of A(v) is constant for any smooth
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positive function v on M . It is remarkable that this functional has another geometric
content, in fact it determines the change in the Ricci curvature when one moves from
the metric g to the conformal metric g¯ as follows:
(n− 4)
∫
M
v2{R¯ic−Ric}(∇v,∇v)µg = −2A(v) + 4(n− 1)
∫
M
|dv|4µg.
Where R¯ic denotes the Ricci tensor of the metric g¯ = v
8
n−4g .
Appendix A. General Newton transformations
Let ω be a (p, p) double form and k is an integer such that 0 ≤ pk ≤ n− p. We define
the k -th Newton transformation of ω to be
(15) Npk(ω) = ∗
gn−pk−pωk
(n− pk − p)!
.
Note that Npk(ω) is a (p, p) double form like ω . It is symmetric and satisfies the first
Bianchi identity if so does ω . Moreover, if ω satisfies the second Bianchi identity then
Npk(ω) is a divergence free double form. In theorem 4.1 of [9] we established an explicit
useful formula for all the Npk as follows:
Theorem A.1 ([9]). Let ω be a symmetric (p, p)-double form that satisfies the first
Bianchi identity and let k be a positive integer such that 1 ≤ pk ≤ n− p then
(16) Npk(ω) =
pk∑
r=pk−p
(−1)r+pk
gp−pk+rcrωk
(p− pk + r)!r!
.
For k = 1, the transformation Np is linear and has nice properties as shown in the next
result:
Corollary A.2. Let ω be a symmetric (p, p)-double form that satisfies the first Bianchi
identity such that 1 ≤ p ≤ n− p then
(17) Np(ω) =
p∑
r=0
(−1)r+p
grcrω
(r!)2
.
In particular, the linear transformation Np is conformally invariant, self adjoint and
keeps (anti) invariant the trace free double forms.
Proof. The formula for Np is a special case of the above formula (16). The conformal
invariance of Np is due to the conformal invariance of the terms g
rcr for all r ≥ 0. On
the other hand since gr is the adjoint of cr (see [9]) then Np is self adjoint. Finally, if
ω is trace free, that is cω = 0, the previous formula shows that Np(ω) = (−1)
pω . This
completes the proof. 
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The classical Newton transformation of ordinary bilinear symmetric forms corresponds
to the case p = 1. The following theorem provides a higher Newton type formula:
Theorem A.3. For any (p, p) double form ω we have
(18) 〈Npk(ω), ω〉 =
cpk+pωk+1
(pk + p)!
.
In particular, if R denotes the Riemann curvature tensor then the Gauss-Bonnet cur-
vatures are determined by
(19) h2k+2 = 〈N2k(R), R〉.
Proof. Using the definition of Npk and some properties from [9] one immediately has
〈Npk(ω), ω〉 = ∗
{
gn−pk−pωk+1
(n− pk − p)!
}
=
cpk+pωk+1
(pk + p)!
.
This completes the proof. 
As a consequence we get new Avez-type formulas for the Gauss-Bonnet integrands (these
correspond to the case n = 2k + 2 in the next formula) in any even dimension ≥ 4, as
follows:
Theorem A.4. For 4 ≤ 2k + 2 ≤ n, the (2k + 2)-th Gauss-Bonnet curvature is deter-
mined by the last three contractions of Rk as follows:
h2k+2 = 〈
c2k−2Rk
(2k − 2)!
, R〉 − 〈
c2k−1Rk
(2k − 1)!
, cR〉+ h2kh2.
In particular, for k = 1 we recover Avez’s formula for the second Gauss-Bonnet inte-
grand:
h4 = |R|
2 − |cR|2 +
1
4
|c2R|2.
Proof. A direct application of formula 16 shows that
N2k(R) =
c2k−2Rk
(2k − 2)!
−
c2k−1Rk
(2k − 1)!
g +
c2kRk
2(2k)!
g2.
The result follows immediately after taking the inner product of the above expression
with the Riemann curvature tensor as in the above theorem. 
Recall that [14] a metric is said to be (p, q)-Einstein if cpRq is proportional to g2q−p .
They are critical metrics for the 2k -th total Gauss-Bonnet functional. The following
corollary is straightforward:
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Corollary A.5. For a (2k − 2, k)-Einstein metric (that is a metric for which c2k−2Rk
is proportional to g2), we have
h2k+2 =
{
2k(2k − 1)
n(n− 1)
+
n− 4k
n
}
h2kh2.
Where 4 ≤ 2k + 2 ≤ n.
Another important application of generalized Newton transformations is the following
Theorem A.6. Let R be the Riemann curvature tensor of (M, g) and 0 ≤ 2k ≤ n− 2.
Denote by N2k(R) the k -th Newton transformation of R that is
N2k(R) = ∗
gn−2k−2Rk
(n− 2k − 2)!
then the tensor N2k(R) is a divergence free symmetric (2, 2) double form that satisfies
the first Bianchi identity. Furthermore its first contraction is the 2k -th Einstein-Lovelock
tensor and its full contraction is the 2k -th Gauss-Bonnet curvature, Precisely we have
cN2k(R) = (n− 2k − 1)T2k and c
2N2k(R) = (n− 2k)(n− 2k − 1)h2k.
Proof. Using the identity cr∗ = ∗gr , one get easily the desired formulas as follows:
cN2k(R) = ∗
gn−2k−1Rk
(n− 2k − 2)!
= ∗
gn−2k−1Rk
(n− 2k − 1)!
(n− 2k − 1)!
(n− 2k − 2)!
= (n− 2k − 1)T2k.
The proof of the second formula is similar. 
Other generalized Newton transformations and corresponding Newton and trace formu-
las have similar nice applications that will appear in a forthcoming paper [15]. The
following Newton type formula will be useful in this paper, its proof is similar to the
proofs provided above:
Proposition A.7. Let ω be a (p, p) double form, k an integer such that 0 ≤ k ≤ n− p
and h a symmetric bilinear form then
1
(p+ k)!
cp+k(ωhk) = 〈∗
gn−p−kω
(n− p− k)!
, hk〉.
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